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Classical mechanics in reparametrization-invariant formulation and the Schro¨dinger
equation
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Depto. de Matema´tica, ICE, Universidade Federal de Juiz de Fora, MG, Brazil and
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The dynamics of every classical-mechanics system can be formulated in the reparametrization-
invariant (RI) form (that is we use the parametric representation for trajectories, x = x(τ ), t = t(τ )
instead of x = x(t)). In this pedagogical note we discuss what the quantization rules look like
for the RI formulation of mechanics. We point out that in this case some of the rules acquire an
intuitively clearer form. Hence the formulation could be an alternative starting point for teaching
the basic principles of quantum mechanics. The advantages can be resumed as follows. a) In RI
formulation both the temporal and the spatial coordinates are subject to quantization. b) The
canonical Hamiltonian of RI formulation is proportional to the quantity H˜ = pt + H , where H is
the Hamiltonian of the initial formulation. Due to the reparametrization invariance, the quantity H˜
vanishes for any solution, H˜ = 0. So the corresponding quantum-mechanical operator annihilates
the wave function, ˆ˜HΨ = 0, which is precisely the Schro¨dinger equation, ih¯∂tΨ = HˆΨ. As an
illustration, we discuss quantum mechanics of the relativistic particle.
I. INTRODUCTION
Canonical quantization. The quantum mechanics
of a particle can be constructed in several ways. For
instance, Feynman discussed the Schro¨dinger equation
from the Dirac integral representation for Ψ. [1] Another
possible construction is based on physical arguments: the
diffraction of electrons, yielding an interference pattern
similar to that produced by light suggests the emergence
of a wave function governed by a wave equation, which
is exactly the Schro¨dinger equation. [2, 3] We can also
apply the canonical quantization procedure [3, 4] to a
classical mechanical system with the action
S =
∫
dt
[
m
2
(
dx
dt
)2
− V (x, t)
]
, (1)
where x = (x1, x2, x3). To achieve this, we rewrite the
system in Hamiltonian formalism, in terms of the phase-
space variables xi, pi equipped with the Poisson bracket
{xi, pj} = δij . The basic quantity now is the Hamilto-
nian H(x,p, t) = 12mp
2 + V . According to the canoni-
cal quantization paradigm, we associate with the phase-
space variables the operators with commutators resem-
bling the Poisson brackets, [xˆi, pˆj ] = ih¯δij ,
xi → xˆi = xi, pi → pˆi = −ih¯∂i, (2)
and postulate on this base the Schro¨dinger equation for
the wave function Ψ(t,x)
ih¯
∂
∂t
Ψ = HˆΨ, Hˆ = H(xˆ, pˆ, t). (3)
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Reparametrization-invariant formulation. Any-
one classical system can be reformulated in the
reparametrization-invariant (RI) form. To achieve this,
we introduce parametric representation for the trajectory
x = x(t), say x = x(τ), t = t(τ), where τ is an arbitrary
parameter along the trajectory. Denoting da
dτ
≡ a˙, we
can write the equalities dt = t˙dτ , dx
dt
= x˙
t˙
. Using these
in Eq. (1) we obtain the action which is invariant under
the reparameterizations τ → τ ′ = f(τ)
S˜ =
∫
dτL˜; L˜ =
mx˙2
2t˙
− t˙V (x, t). (4)
This is equivalent to (1), as the Lagrangian equations for
the functions x(τ), t(τ), which follow from (4), imply the
correct equations for x(t).[5]
Comment. We stress that by construction, the parameter
τ , as well as the functions x(τ), t(τ) have no direct physi-
cal meaning. [6] To illustrate this, let us consider the free
particle, V = 0. Then (4) implies the equations of mo-
tion ( x˙
t˙
). = 0, ( x˙
2
t˙2
). = 0. Due to the reparametrization
invariance, general solution to these equations contains,
besides the integration constants v and x0, an arbitrary
function g(τ)
x = vg(τ) + x0, t = g(τ). (5)
These expressions, while determine the straight line
(both in x and in (t,x) spaces), do not specify any def-
inite evolution law along the line. Only the functions
x(t) have the physical meaning. Excluding τ from the
parametric equations (5), we obtain x(t) = vt+ x0.
Formulation of the problem. It is the aim of this
note to reformulate the quantization rules listed above
for the RI formulation. Our motivations for this type of
presentation of quantum mechanics are as follows.
1. From Eq. (2) there may arise an impression that in
quantum mechanics only the spatial coordinates are sub-
ject to quantization, see, for example, the text-books in
2Ref. 7 and 8. Moreover, in Ref. 8 it is claimed that it is
”surprisingly complicated” to promote time as an opera-
tor. As will be shown below, quantization of the tempo-
ral coordinate does not represent any special problem in
the RI formulation. So, the fact that time is not quan-
tized can be regarded as an artefact of the formulation
used, and does not represent an intrinsic property of the
quantum-mechanics quantization paradigm.
2. In RI formulation, the quantity that vanishes for any
true trajectory of the phase space naturally appears. The
quantum counterpart of this quantity is precisely the
Schro¨dinger equation. That is, the RI formulation im-
plies (one more) simple intuitive argument for postulat-
ing the Schro¨dinger equation.
3. Relativistic systems are usually formulated in the RI
form, [9–13] so the familiarity with RI formulation of
classical mechanics can be important for proper under-
standing of the special-relativity theory.
II. QUANTUM MECHANICS OF THE RI
FORMULATION
The action (4) is defined on configuration space with
the coordinates xi, t. So, to reach the Hamiltonian for-
mulation, we introduce the phase space parameterized by
xi, pi, t, pt, with the Poisson brackets defined as
{xi, pj} = δij , (6)
{t, pt} = 1. (7)
According to the standard Hamiltonization prescription
[11, 14], the variables xi(τ), t(τ) obey the Euler-Lagrange
equations, while the dynamics of the conjugate momenta
is specified by the equations
pi =
∂L˜
∂x˙i
=
mx˙i
t˙
, pt =
∂L˜
∂t˙
= −mx˙
2
2t˙2
− V. (8)
These equations imply the constraint [15]
H˜ ≡ pt + 1
2m
p2 + V = 0, (9)
which is satisfied for any solution to equations of motion.
It reappears once again when we try to construct the
canonical Hamiltonian of the action (4)
pix˙i + ptt˙− L = t˙
[
pt +
1
2m
p2 + V
]
, (10)
which thus vanishes for any true trajectory.
Comment. Being reparametrization invariant, the action
(4) represents an example of a theory with local symme-
try. The appearance of constraints in the Hamiltonian
formalism is a characteristic property of such theories. A
systematic method for analysis of a locally-invariant the-
ory has been suggested by Dirac, [16] and is now based on
solid mathematical grounds, see, for example, the text-
books in Ref. 9–11. For the exact relationship between
local symmetries and Hamiltonian constraints see Ref.
11, 17, 18.
To quantize the RI formulation, we replace the phase-
space variables by operators that resemble the brackets
(6), (7)
t→ tˆ = t, pt → pˆt = −ih¯∂t,
xi → xˆi = xi, pi → pˆi = −ih¯∂i. (11)
Since the phase-space function H˜ vanishes in classi-
cal theory, we expect that the corresponding quantum-
mechanical operator annihilates the wave function,
ˆ˜
HΨ = 0. Taking into account Eqs. (9), (11), the condi-
tion reads
ih¯∂tΨ = (− h¯
2
2m
△+ V )Ψ. (12)
That is, we have arrived at the Schro¨dinger equation.
Comment. In the standard formulation (1) the commu-
tators [xˆi, pˆj ] = ih¯δij , being combined with the formula
(∆A)2(∆B)2 ≥ ( 1
2i
[Aˆ, Bˆ])2, (13)
for the standard deviation of the hermitian operators
Aˆ, Bˆ (see the derivation on pages 108-109 of Ref. 4),
implies (∆xi)(∆pj) ≥ h¯2 δij . By this way, the position-
momentum uncertainty relation arises on a fundamental
level, as a pure algebraic fact. In contrast, it is well
known [4, 20–22] that the energy-time uncertainty rela-
tion has very different origin and interpretation. (See
also a particular derivation of energy-time uncertainty
relation on page 112 of Ref. 4).
In the reparametrization invariant formulation (4) we
have, in addition to (6), the commutator {tˆ, pˆt} = ih¯. So,
one asks whether the energy-time uncertainty relation
can be derived in the same way, [23] as an algebraic con-
sequence of (7). We point out, that the appearance of the
bracket (7) on an equal footing with (6) does not mean
complete symmetrization of the quantum-mechanics for-
malism with respect to the time and the position vari-
ables.
The asymmetry has various origins, some of them are
enumerated below: a) Scalar product implies integration
on the position variables at a fixed instant. b) The oper-
ator pˆt is hermitian only on the subspace of solutions of
the Shcro¨dinger equation, see Eq. (12). c) The canoni-
cally conjugated variable for t is pt, not H .
General case. The recipe also works for the gen-
eral case. Bearing in mind possible applications for the
many-particle systems interacting with an electromag-
netic field, let us consider the action
S =
∫
dtL
(
qA,
dqA
dt
, t
)
, (14)
where qA = (x1,x2, . . . ,xn), A = 1, 2, . . . , 3n stand
for generalized coordinates of 3n-dimensional configura-
tion space of n particles. Supposing that the action is
3non-singular, equations for the momenta pA =
∂L(q,v,t)
∂vA
can be resolved algebraically with respect to vA, vA =
vA(qB , pC , t). Then the physical Hamiltonian reads
H(qA, pA, t) = pAv
A − L(q, v, t). (15)
The RI action reads
S˜ =
∫
dtL˜ =
∫
dτ t˙L
(
qA,
q˙A
t˙
, t
)
. (16)
This leads to the following equations for conjugate mo-
menta
pi =
∂L(q, v, t)
∂vA
∣∣∣∣
vA→ q˙
A
t˙
, (17)
pt =
[
L(q, v, t)− q˙
A
t˙
∂L(q, v, t)
∂vA
]∣∣∣∣
vA→ q˙
A
t˙
. (18)
The equation (17) can be solved as q˙
A
t˙
= vA(q, p, t).
Using this expression in (18), we obtain the constraint
pt + pAv
A − L(q, v, t) = 0, or, equivalently
pt +H = 0, (19)
which is satisfied for any solution to the phase-space
equations of motion. Here H stands for the Hamilto-
nian of the initial formulation L. Similarly to the exam-
ple discussed above, the canonical Hamiltonian of the RI
formulation (16) is proportional to the constraint
pAq˙
A + ptt˙− L˜ = t˙
[
pt + pAv
A − L] . (20)
To quantize the RI formulation, we replace the phase-
space variables by operators, pt → pˆt = −ih¯∂t, pA →
pˆA = −ih¯∂A, and impose the equation (19) as a con-
straint on the wave function. This immediately leads to
the Schro¨dinger equation ih¯∂tΨ = HˆΨ.
III. EXAMPLE: QUANTUM MECHANICS OF
THE RELATIVISTIC PARTICLE
Using the physical coordinates x(t), the relativistic
particle action reads
S = −mc
∫
dt
√
c2 −
(dx
dt
)2
, (21)
where m is the mass of the particle and c is the speed
of light. Introducing an arbitrary parametrization x(τ),
t(τ) of the trajectory, the action acquires the RI form
S˜ = −mc
∫
dτ t˙
√
c2 − x˙
2
t˙2
. (22)
If we agree to consider only the parameterizations ad-
justed with the ”time flow”, dt
dτ
> 0, the action can be
written in the manifestly relativistic-invariant form
S˜ = −mc ∫ dτ t˙
|t˙|
√
(ct˙)2 − x˙2
= −mc ∫ dτ√ηµν x˙µx˙ν , (23)
where the Minkowsky metric has been chosen as ηµν =
(+,−,−,−).
Passing to the Hamiltonian formulation for (22), we
introduce the canonical momenta
p =
∂L˜
∂x˙
=
mcx˙
t˙
√
c2 − x˙2
t˙2
, (24)
pt =
∂L˜
∂t˙
= −mc
√
c2 − x˙
2
t˙2
. (25)
The first equation can be used to present x˙ through p
and t˙, x˙ = t˙ cp√
m2c2+p2
. Using this result in Eq. (25),
we obtain the basic constraint pt = −c
√
m2c2 + p2). As
it should be, the canonical Hamiltonian turns out to be
proportional to the constraint, H˜ = t˙(pt+c
√
m2c2 + p2).
Quantizing the model via the RI approach, we arrive
at the Shro¨dinger equation which is just the square-root
Klein-Gordon equation [7]
ih¯∂tΨ = c
√
m2c2 − h¯2△ Ψ, (26)
where △ = ∂2
∂x2
1
+ ∂
2
∂x2
2
+ ∂
2
∂x2
3
. For the latter use, we write
it in the equivalent form[
i
∂
c∂t
−
√
µ2 −△
]
Ψ = 0, µ ≡ mc
h¯
. (27)
It implies the right nonrelativistic limit. Indeed, expand-
ing the square root into power series with respect to 1
c2
and keeping the leading two terms, we observe that the
function χ ≡ exp (−imc2
h¯
t)Ψ obeys the nonrelativistic
Schro¨dinger equation ih¯∂tχ = − h¯22m△χ.
Dealing with the equation (27), we are faced with two
well-known problems. First, it contains the square-root
operator. Second, it has no the manifestly relativistic-
covariant form. We demonstrate now that both problems
can be avoided, reformulating the theory in the equivalent
form in terms of the real scalar field φ(xµ) instead of the
complex wave function Ψ.
Consider the manifestly relativistic Klein-Gordon
equation for the real function φ[
∂µ∂
µ + (
mc
h¯
)2
]
φ = 0. (28)
The equations (27) and (28) turn out to be equivalent in
the following sense:
4A) If φ is a solution to the Klein-Gordon equation (28),
then
Ψ = Ψ1 + iΨ2 = −
√
µ2 −△ φ− i ∂
c∂t
φ, (29)
obeys the Schro¨dinger equation (27). We point out an
analogy with the electrodynamics: as the vector potential
A produces the electric and magnetic fields, E = − 1
c
∂tA,
B = ∇×A, the real field φ produces the real and imag-
inary parts of the wave function according to Eq. (29).
So, we call φ the wave-function scalar potential. [19]
B) If Ψ is a solution to the Schro¨dinger equation (27),
then the function
φ = k(x)− c
∫ t
0
dτΨ2(τ,x). (30)
obeys the Klein-Gordon equation (28). It has been de-
noted
k(x) = −
∫
d3p
(2pi)
3
2
eipxΨ1(p)√
µ2 + p2
, (31)
and Ψ1(p) is the Fourier-transformation of Ψ1(0,x),
Ψ1(0,x) =
∫
d3p
(2pi)
3
2
eipxΨ1(p). The function k(x) repre-
sents a formal solution to the equation
√
µ2 −△ k(x) =
−Ψ1(0,x), the latter is the real part of the equation (27)
taken at the instant t = 0.
According to Eq. (29), the probability density can be
presented through the wave-function potential
Ψ∗Ψ =
(
∂
c∂t
φ
)2
+
(√
µ2 −△ φ
)2
. (32)
In turn, it allows us to identify the probability density
with the energy density of the field φ. Indeed, the equa-
tion of motion (28) can be obtained from the action
S =
∫
d4x
[
(∂0φ)
2 −
(√
µ2 −△ φ
)2]
, (33)
so the right-hand side of Eq. (32) is just the energy
density of φ.
In resume, quantum mechanics of the relativistic par-
ticle can be reformulated in the manifestly relativistic-
covariant form in terms of the real wave-function poten-
tial (28). Interaction with the electromagnetic field can
be achieved adding the term
Sint =
∫
dt
[
eA0 +
e
c
Ai
dxi
dt
]
=
∫
dτ
e
c
Aµx˙
µ. (34)
Repeating the analysis made above, we arrive at the
equation (26), where one needs to replace ∂i → ∂i −
i e
h¯c
Ai, c∂t → ∂0 − i eh¯cA0. Unfortunately, in this case we
are not able to reformulate the theory in the manifestly
relativistic-covariant form.
IV. CONCLUDING REMARKS
We have shown how the canonical quantization can
be reformulated in a fair way: the time variable stands
on an equal footing with spatial variables, both being
quantized. For that, we work with the reparameteriza-
tion invariant action, where time and spatial variables are
functions of an arbitrary parameter along the trajectory.
Reparametrization invariance implies the constraint (19)
which holds for any true trajectory. The corresponding
quantum-mechanical operator annihilates the wave func-
tion, leading precisely to the Schro¨dinger equation. As
an application for the RI formulation, we demonstrated
that the Klein-Gordon equation for the real field has the
probabilistic interpretation.
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